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Introduction to Negative Numbers

This booklet of Teachers’ Notes accompanies the Pupil’s Booklet 5 Negative Numbers. You will probably want to have covered the work in Booklets 1 – 4 before starting algebra.

Some of the important ideas for teaching have been outlined in the booklet Talks for teachers: 1. You may like to look at it again to  review the following ideas:

Whole class teaching (see Talks for teachers: 1, page 8 )
Your whole class teaching will be most effective if you include three phases of teaching: 

	· demonstration   
	· modelling
	· summarising



Work for pupils

Each Pupil’s Booklet contains three types of written work for pupils (see Talks for teachers: 1, page 4)

.

	· Teacher Led Assignments (TLA) 

(use working paper)
	· Exercises

(use Exercise Books)
	· Miscellaneous Examples

(use Exercise Books)
	· 
	· 
	· 


Pupil’s Booklets (see Talks for teachers: 1, page 4)
Negative Numbers is a key topic. The Pupil’s Booklet contains notes and exercises. Each aspect of Negative Numbers is treated in three ways:
	· What …
	· So …
	· Now …


You will see that ‘What … you need to know to start’ and ‘What …  you need to do to start’ introduce the essential prior knowledge for doing the work. The prior knowledge for this booklet (Starting Algebra) has been introduced in Booklet 1 and rehearsed in different ways in Booklets 2-4. It is important, however, to revise the language and use of ‘pictures in the mind’ so that all pupils are able clearly to see the connections between this and previous work.

The sections ‘So … what do you do?’ and ‘So … you can do these’ emphasise the logical connection between current and previous work. They are designed to show how the same ways of thinking (especially ‘pictures in the mind’) enable new topics to be recognised as similar to previous topics. This capacity, the hallmark of sophisticated learners, needs careful attention for the majority of pupils. It is this above all else that enhances the capacity to learn.

‘Now … what do you do?’ capitalises on the connection with previous work to extend their skills with the new topic. This is powerful, enabling ‘Now … you can do this’ to show that examples that would otherwise look formidable are well within their compass. The section ‘Now … you can practise …’ provides just that. Pupils practise what they have been taught.

Negative Numbers: learning outcomes
Discussion

The National Curriculum is confused about negative numbers because it suggests that they can be introduced ‘ both as positions and translations on a number line’. This is a persistent confusion in almost every available text. ‘Positions and translations on a number line’ are an application of the mathematical idea of negative numbers but are entirely inappropriate for their conceptualisation. In Making maths make sense I introduce negative numbers in a distinctively mathematical form. This actually makes their meaning, and how to operate with them, very much clearer. It makes it possible for almost all pupils to work with them confidently and accurately. The important thing is that the mathematical operations (in the way they are introduced in the earlier Key Topics) are applied in precisely the same way for negative numbers as they have been learnt for positive numbers (and in later Key Topics this consistency continues to be utilised). The method does not use the bizarre approaches of other  texts (like cruising up and the down the number line). It uses, instead, the straightforward logic of the language.
Negative Numbers builds on the work covered in the earlier key topic Multiplication and Division. They are introduced in ways that enhance the capacity of pupils to learn. Specifically, they are to become competent and confident in the use of symbols that in due course appear in other topics. They utilise the logic of the language used in their earlier learning of the four operations with small and large numbers, fractions, decimals and negative numbers. 

The ‘central concepts’ being engaged are:

· the logic of the language

· numeration and denomination

· ‘operations’ as a physical action (the type of job) separate from what follows (the size of the job).

Negative Numbers: learning outcomes.

The work in this booklet contributes to the overall aim of MMMS of enhancing the capacity of pupils to learn. It has very specific learning outcomes related to this aim:

· Visualise symbols as ‘cards’ so that – 6 is recognised as ‘six of those things called –1’.

· Visualise zero flexibly as, for instance, –1 + 1 and , –2 + 2 .

· Apply the four operations (+; -; ×; ÷) to negative numbers and visualise the actions as cards.

The National Curriculum makes insufficient and inappropriate reference to negative numbers, concentrating largely on their appearance in different contexts. They need careful teaching before they are used in context. The National Curriculum specifies the use of negative numbers as shown below.

Relationship with the National Curriculum

Key Stage 3

Numbers and the number system

2.
Pupils should be taught to:

Integers

a) … understand and use negative numbers, both as positions and translations on a number line; 

Powers and roots

b) use the terms square, positive and negative square root (knowing that the square root sign denotes the positive square root),

Calculator methods

o) use calculators effectively and efficiently: know how to enter complex calculations using brackets [for example, for negative numbers …

Index notation

c) use index notation for simple integer powers, and simple instances of index laws; substitute positive and negative numbers into expressions

Linear equations

d) solve linear equations, with integer coefficients, in which the unknown appears on either side or on both sides of the equation; solve linear equations that require prior simplification of brackets, including those that have negative signs occurring anywhere in the equation, and those with a negative solution

Teaching ‘Negative Numbers’

For many pupils ‘negative numbers’ is a topic that merely underlines the reliance of maths on bizarre exercises in the memorisation of inexplicable rules. 

All pupils can become confident in the use of negative numbers when they are introduced with instructional objects and language that is already familiar to them. The purpose of Negative Numbers is to draw on the instructional objects, phrases and visualisation of earlier work in Making maths make sense because they have been designed to anticipate these multiple needs.

The important instructional objects, phrases and visualisation have been discussed in Teachers’ Notes: talks for teachers: 1 and introduced in Booklets 1 – 4. 

The following ideas are especially important:

1)   +     is thought of as ‘get ready to get some more’

2)   -      is thought of as ‘get ready to take some away’

3)   ×     is thought of as ‘do the same thing lots of times’

4)  ÷     is thought of as ‘look at it and wonder how many’

5)   Equality is thought of as ‘same value: different appearance’.

6) The idea of numeration and denomination needs to focus the way you speak. For instance, when you say ‘negative three’ you actually think of   ‘three of those things called negative one’. In this topic (negative numbers) you need to make sure pupils visualise it as three of the cards on each of which is written -1. You will see as you work through the booklet that this is crucial in enabling pupils to use the four operations sensibly.

Teaching notes

The following notes about teaching should be read in conjunction with the Pupil’s booklet. In some cases you may need to look back at Talks for Teachers: 1 and earlier Key Topics.

Part 1: Four operations with negative

                                                           numbers


Page 3: What … you need to know to start  TLA1   

Revise the language of Part 1: multiplication and division previously taught in Booklet 1. This includes ‘same value: different appearance’ and the idea of ‘mind pictures’.

It is very important that an expression like 3 x 4 = 12 provokes the mind picture of ‘Put three cups on the maths table; do the same thing lots of times; four. I can see twelve cups on the maths table’. It also includes ‘Look at it and wonder how many …’ for the visualisation of division. 

Page 4: What … you need to do to start.        TLA2    

Use the diagrams in TLA2 to talk through the following story.

Figure 1. My garden is completely level and flat.

Figure 2. Sometimes I look out of my window and see this. It is one lump of earth. I write in my maths book: 1.

Figure 3. Sometimes I see this in my back garden and this in my front garden. I write in my maths book: 1 + 1 = 2.

Figure 4. Sometimes I see this in my back garden and this in my front garden.  I write: 2 + 1 = 3.

Figure 5. Sometimes I see this. Because there is nothing in my garden I write: 0.

Figure 6. Sometimes I see this. There is one lump of earth missing from my garden. I say ‘I can see negative one lumps of earth in my garden’.  I write –1.

Figure 7. I see this in my back garden and this in my front garden. I write -2 + - 1 = - 3

Repeat each of these statements using ‘negative one’ cards placed on the maths table.

Now use the cards to illustrate this statement: One day I came down in the morning and saw this (place 3 on the maths table). As I was watching I saw a man come into my garden and get ready to take some away (use hands hovering over the maths table). He took away this much (remove 1). I can now see 2 in the garden. I write 3 – 1 = 2.

Now use the cards to illustrate this statement: One day I came down in the morning and saw this (place 3 on the maths table). As I was watching I saw a man come into my garden and get ready to take some away (use hands hovering over the maths table). He took away this much  (remove 1). I can now see 2 in the garden. I write 3 – 1 = 2.

Now use the cards to illustrate this statement: One day I came down in the morning and saw this (place - 3 on the maths table). As I was watching I saw a man come into my garden and get ready to take some away (use hands hovering over the maths table). He took away this much (remove - 1). I can now see - 2 in the garden. I write - 3 – - 1 = - 2.


Page 6: So … you can do these.          TLA3

Demonstrate how to do examples of this type. Your pupils will model the way you think about and do these examples as they complete the work.  


Page 7: So … you can do these            TLA4

Use cards to show how you witnessed a man putting – 2 in the garden; then doing the same thing lots of times; he did it four times. You write this as – 2 × 4 = - 8


Page 7: So … you can do these            TLA5

Use cards to show how you witnessed a man putting – 8 in the garden; you then saw him look at it and wonder how many piles of – 1 he could see. He saw 8. You write this as -- 8 ÷ – 1 = 8.


Page 7: Now … you can do these                  TLA6

These calculations involve combinations of the four operations, for example 

It is most important that ‘order of operations’ is not taught as a rule to be followed like ‘multiplication first’. These examples should be done using the logic of the language and the physical use of cards (which we be gradually visualised). In the case of number 7) this involves:

Start by putting  - 4 on the maths table.

Do the same thing lots of times (pick up   – 4   because that is the thing you have just done).

Do it three times (you can now see – 12 on the maths  table).

Get ready to get some more.

Put  - 2 on the maths table.

Do the same thing lots of times (pick up   – 2   because that is the thing you have just done).

Do it four times.

Look at the maths table. You can see – 20 on the maths table.

Page 8: Now …      you can practise      Exercise 1

This exercise practises work that has been done in the TLA’s. 

Pupils should do this work in Exercise Books. 

There are two main purposes for this Exercise:

· to create a neat record of work done

· to provide a resource for revision

You need to make judgements about the class in general and about individuals. Can they do they do this Exercise to a good standard without assistance? If not, demonstrate it while they model what you do. Do they need this done bit by bit, or will they do it well enough by initial demonstration then working alone? Perhaps some can do it without assistance while others need demonstration and modelling as a group.

Your priority in this work is for it to be done accurately as a record and for revision. Your assessment of this Exercise should be only of the assistance needed. Code this as shown below.

	Some will do this without assistance.
	W
	

	Some will need a large amount of assistance. 
	A
	

	Some will need a relatively little assistance. 
	a
	

	Some will achieve an accurate record only by copying.
	C
	


Page 9: and …          you can practise   Exercise 2

This exercise practises work that has been done in the TLA’s and in the previous Exercise. 

Pupils should do this work in Exercise Books. 

There are three main purposes for this Exercise:

· to create a neat record of work done

· to provide a resource for revision

· to assess what individuals can do without assistance

Your priority in this work is for it to be done accurately as a record and for revision and to assess individual attainment. Your assessment of this Exercise should be of the assistance needed and the score. Record the score as a fraction.  It will be necessary for some pupils to do corrections so that they maintain a resource for revision.

Your assessment of this Exercise should be of the assistance needed. Code this as shown below.

	Some will do this without assistance.
	W
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	Some will need a large amount of assistance. 
	A
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	Some will need a relatively little assistance. 
	a
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	Some will achieve an accurate record only by copying.
	C
	C


Part 2: More about the four operations


Page 10: What … you need to know to start   TLA7

There are some important results in dealing with negative numbers that need to be known well. They are:
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The first of these results is a direct consequence of defining ‘level ground’ as zero and showing ‘one lump’ and ‘one hole’ as having the ‘same value: different appearance’. The second two results are best demonstrated with the ​–1 card and the 1 card. Place both on the maths table and confirm that there is zero on the table. Get ready to take some away … [remove 1]. You can see –1 on the table. Write 0 – 1 = -1. Show the third result in a similar way.

Using the cards to show how these results are obtained is very important but, having done this, it is even more important for the same process to be visualised.  Use imaginary cards and indicate, in the air, that having zero on the table is the same value as 1 [point to imaginary card] and –1 [point to imaginary card] so, removing –1 [ostentatiously pluck the imaginary card from its stated position] leave 1 [point to the remaining imaginary card]. It is in this fashion that TLA should be done.

Page 10: What … you need to do to start.  TLA8    

In this section we deal with subtractions of the type 
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by using ‘mind pictures’, although these need first to be demonstrated with the cards.

Put –3 on the table. Get ready to take some away. Read what we must take away. Two. We cannot see two lumps of earth. Ceck that there is negative three on the table. Yes. Negative one here; negative one here; negative one here. There is nothing here [indicate space on the table]; there is nothing here [place ‘zero’ card in the indicated space]; there is nothing here [replace zero card with –1 and 1 side by side]; and there is nothing here [place zero card with –1 and 1 side by side in another space]. Check. There is still just –3 on the table. Now … get ready to take some away … two … [remove 2]. What is on the table? Negative five.

Page 11: So … you can do this.             TLA9

Demonstrate how to obtain the result 
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 using the distributive law and the previously obtained result that 
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. The mathematical logic in obtaining this result is so powerful that it is worthwhile for pupils to memorise how to do it before doing similar work in the next section.

Page 11: Now … what can you do?   TLA10

The same logical use of the distributive law that was used to obtain 
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in the previous section is used here. Demonstrate how to do these examples. Your pupils will model how you think about and do these examples as they complete the work.
Page 11: So … you can do these.         TLA11

Demonstrate how to do these examples. They involve using the distributive law together with the result for ‘a negative times a negative’. Your pupils will model how you think about and do these examples as they complete the work.

Page 12: Now    you can practise      Exercise 3

This exercise practises work that has been done in the TLA’s. 

Pupils should do this work in Exercise Books. 

There are two main purposes for this Exercise:

· to create a neat record of work done

· to provide a resource for revision

You need to make judgements about the class in general and about individuals. Can they do they do this Exercise to a good standard without assistance? If not, demonstrate it while they model what you do. Do they need this done bit by bit, or will they do it well enough by initial demonstration then working alone? Perhaps some can do it without assistance while others need demonstration and modelling as a group.

Your priority in this work is for it to be done accurately as a record and for revision. Your assessment of this Exercise should be only of the assistance needed. Code this as shown below.

	Some will do this without assistance.
	W
	

	Some will need a large amount of assistance. 
	A
	

	Some will need a relatively little assistance. 
	a
	

	Some will achieve an accurate record only by copying.
	C
	


Page 13: and …        you can practise   Exercise 4

This exercise practises work that has been done in the TLA’s and in the previous Exercise. 

Pupils should do this work in Exercise Books. 

There are three main purposes for this Exercise:

· to create a neat record of work done

· to provide a resource for revision

· to assess what individuals can do without assistance

Your priority in this work is for it to be done accurately as a record and for revision and to assess individual attainment. Your assessment of this Exercise should be of the assistance needed and the score. Record the score as a fraction.  It will be necessary for some pupils to do corrections so that they maintain a resource for revision.

Your assessment of this Exercise should be of the assistance needed. Code this as shown below.

	Some will do this without assistance.
	W
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	Some will need a large amount of assistance. 
	A
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	Some will need a relatively little assistance. 
	a
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	Some will achieve an accurate record only by copying.
	C
	C


Part 3: Using negative numbers


Page 13: What … you need to know to start TLA12   

Negative numbers have been characterised in this booklet in an entirely mathematical way: they are merely symbols that can be combined using certain operations. They were introduced as ‘holes in the garden’ but this was rapidly discarded in favour of the cards that carried the mathematical symbols. In other words, I have used  symbolic notation (the essence of maths) very extensively, using a real-life idea only in passing to set up the idea. The symbols were written on cards to assist pupils’ visualisation.

This approach, using symbols, is central to the thrust of Making maths make sense. In later booklets I will concentrate on word problems and draw on the maths taught previously to solve them. However, the conventional introduction to negative numbers includes reference to temperature, bank accounts and number lines. All of these are inappropriate introductory ideas but, because they are so ingrained in the system, I am introducing some reference to them here (although I would prefer to postpone it). However, the work here does treat these topics for what they are, namely, as real-life stories amenable to treatment with the mathematical idea of ‘negative numbers’.

When you open a bank account one idea you have in mind is to keep your savings safe. You are interested in money. If your bank statement shows you have £8 it means that in your bank account you have eight of those things called pounds. Of course, you may have a lot of money in your pocket that the bank manager does not know about. When the manager says you have £8 it is because she is only looking at your bank account.

Suppose you decide to take some money out of your account. Go to the bank where your account is kept and get ready to take some away. Take away £8. When the manager looks at your account she sees that you have nothing left in your account. She knows that this has happened: 8 – 8 = 0.

Go to your bank again. Get ready to take some money away. Take away £2. Yes: you are allowed to do that. You leave two holes in your account. Your bank manager looks at your account and sees that you have £–2 in the bank. She knows that this has happened: 0 – 2 = -2.

Each time I tell a story about your bank account the bank manager can write a ‘maths story’ as a record of my ‘real-life story’. For instance:

Your bank account shows that you owe the bank £7 (you are in debt by £7). You go to the bank and remove £3 of that debt (you take away £3 of debt). What does the bank manager write? – 7 - - 3 = - 4. That is exactly what you did mathematically. How, in real-life, did you remove that debt? Yes: you paid in £3 to the bank account.

Look again at the same maths story – 7 - - 3 = - 4. 

Imagine that it is a cold day. The temperature has fallen below zero. Actually, I watched the thermometer as the weather got worse. I saw the thermometer when it showed zero and then another seven degrees of temperature were removed. I saw 0 – 7 and this, of courses, has the same value as – 7. Think of this as seven of those cards with – 1 on them. It is the absence of temperature. Get ready to take some away. Take away – 3. You are removing ‘coldness’. You are doing – 7 - - 3 = - 4, so it is now not so cold. How in real life is coldness removed? By heating up. So – 7 + 3 = - 4, of course, and – 7 + 3 has the same value as – 7 - - 3.

Page 14: What … you need to do to start. TLA13 


Demonstrate how to look at the maths story 
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 and make up real-life stories to match it. There are three stories printed in this section in the Pupil’s Booklet. Work of this type is very important as a preparation for solving real-life stories using maths stories. Your pupils should model how you think about and do these examples by making up very similar stories to those suggested here. Even minor modifications should be encouraged, for example, the substitution of ‘francs’ for ‘pounds’ in an otherwise unchanged story seems trivial, but it is worthwhile for the confidence it builds in ‘taking control’ of a maths story.
Page 15: So … you can do this.   TLA14

Demonstrate how to do these examples. Your pupils will model how you think about and do these examples as they complete the work.
Page 16: Now …   you can practise      Exercise 5

This exercise practises work that has been done in the TLA’s. 

Pupils should do this work in Exercise Books. 

There are two main purposes for this Exercise:

· to create a neat record of work done

· to provide a resource for revision

You need to make judgements about the class in general and about individuals. Can they do they do this Exercise to a good standard without assistance? If not, demonstrate it while they model what you do. Do they need this done bit by bit, or will they do it well enough by initial demonstration then working alone? Perhaps some can do it without assistance while others need demonstration and modelling as a group.

Your priority in this work is for it to be done accurately as a record and for revision. Your assessment of this Exercise should be only of the assistance needed. Code this as shown below.

	Some will do this without assistance.
	W
	

	Some will need a large amount of assistance. 
	A
	

	Some will need a relatively little assistance. 
	a
	

	Some will achieve an accurate record only by copying.
	C
	


Page 16: and …          you can practise   Exercise 6

This exercise practises work that has been done in the TLA’s and in the previous Exercise. 

Pupils should do this work in Exercise Books. 

There are three main purposes for this Exercise:

· to create a neat record of work done

· to provide a resource for revision

· to assess what individuals can do without assistance

Your priority in this work is for it to be done accurately as a record and for revision and to assess individual attainment. Your assessment of this Exercise should be of the assistance needed and the score. Record the score as a fraction.  It will be necessary for some pupils to do corrections so that they maintain a resource for revision.

Your assessment of this Exercise should be of the assistance needed. Code this as shown below.

	Some will do this without assistance.
	W
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	Some will need a large amount of assistance. 
	A
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	Some will need a relatively little assistance. 
	a
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	Some will achieve an accurate record only by copying.
	C
	C


Page 17:                     Miscellaneous Examples A          

Miscellaneous Examples A should be used as a test. It practises the range of work that has so far been practised as separate items. Putting a range of examples together places extra demands on pupils. Your judgement about your class may persuade you to do some revision, using working paper, before setting Miscellaneous Examples A.

Pupils should do this work in Exercise Books. 

There are four main purposes for Miscellaneous Examples A:

· to create a neat record of work done;

· to provide a resource for revision;

· to assess attainment;

· to provide an evidence base for diagnosis, discussion, target setting, individual learning plans, development plan, records of achievement and report writing.

Your priority in this work is for it to be done accurately as a record and for revision and to assess individual attainment. Your assessment should be of the assistance needed and the attainment score. Record the score as a fraction.  It will be necessary for some pupils to do corrections so that they maintain a resource for revision. Some pupils, still unable to do this work alone, will copy your answers as a record and receive as much further individual or group teaching as possible during this time. Clearly, your records will show that they scored zero.

Your record of pupils’ work in Miscellaneous Examples A should be of the assistance needed and the attainment. Code this as shown below. below (see Mark Sheet in Talks for Teachers: 1).

	Some will do this without assistance.
	W
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	Some will need a large amount of assistance. 
	A
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	Some will need a relatively little assistance. 
	a
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	Some will achieve an accurate record only by copying.
	C
	0


Page 18:                     Miscellaneous Examples B    

Miscellaneous Examples B should be used as a test. It should be used some weeks after the completion of this booklet so that it provides a robust assessment of attainment and of each pupil’s response to the target setting following Miscellaneous Examples A. 

Pupils should do this work in Exercise Books. 

There are four main purposes for Miscellaneous Examples A:

· to create a neat record of work done;

· to provide a resource for revision;

· to assess attainment;

· to provide an evidence base for diagnosis, discussion, target setting, individual learning plans, development plan, records of achievement and report writing.

Your priority in this work is for it to be done accurately as a record and for revision and to assess individual attainment. Your assessment should be of the assistance needed and the attainment score. Record the score as a fraction.  It will be necessary for some pupils to do corrections so that they maintain a resource for revision. Some pupils, still unable to do this work alone, will copy your answers as a record and receive as much further individual or group teaching as possible during this time. Clearly, your records will show that they scored zero.

Your record of pupils’ work in Miscellaneous Examples B should be of the assistance needed and the attainment. Code this as shown below. below (see Mark Sheet in Talks for Teachers: 1).

	Some will do this without assistance.
	W
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	Some will need a large amount of assistance. 
	A
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	Some will need a relatively little assistance. 
	a
	
[image: image21.wmf]n

N



	Some will achieve an accurate record only by copying.
	C
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