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Introduction to Fractions and Decimals

This booklet of Teachers’ Notes accompanies the Pupil’s Booklet 2 Fractions and Decimals.

Some of the important ideas for teaching have been outlined in the booklet Talks for teachers: 1. You may like to look at it again to review the following ideas:

Whole class teaching  (see Talks for teachers: 1, page 4)

Your whole class teaching will be most effective if you include three phases of teaching: 

	· demonstration   
	· modelling
	· summarising



Work for pupils

Each Pupil’s Booklet contains three types of written work for pupils (see Talks for teachers: 1, page 4)

.

	· Teacher Led Assignments (TLA) 

(use working paper)
	· Exercises

(use Exercise Books)
	· Miscellaneous Examples

(use Exercise Books)
	· 
	· 
	· 


Pupil’s Booklets (see Talks for teachers: 1, page 4)

Fractions and Decimals is a key topic. The Pupil’s Booklet contains notes and exercises. Each aspect of Fractions and Decimals is treated in three ways:

	· What …
	· So …
	· Now …


You will see that ‘What … you need to know to start’ and ‘What …  you need to do to start’ introduce the essential prior knowledge for doing the work

The sections ‘So … what do you do?’ and ‘So … you can do these’ emphasise the logical connection between current and previous work. They are designed to show how the same ways of thinking (especially ‘pictures in the mind’) enable new topics to be recognised as similar to previous topics. This capacity, the hallmark of sophisticated learners, needs careful attention for the majority of pupils. It is this above all else that enhances the capacity to learn.

‘Now … what do you do?’ capitalises on the connection with previous work to extend their skills with the new topic. This is powerful, enabling ‘Now … you can do this’ to show that examples that would otherwise look formidable are well within their compass. The section ‘Now … you can practise …’ provides just that. Pupils practise what they have been taught.

Fractions and Decimals: learning outcomes
Discussion

The notation for decimal fractions is very straightforward and renders calculations much easier than using vulgar fractions. This fact often persuades people that vulgar fractions should receive relatively little attention in favour of decimal fractions. Unfortunately, this approach can prevent pupils from making sense of decimals. It is very difficult for novices to visualise decimals without being able to relate them to a well founded image of vulgar fractions. This is what this booklet is about.

The ‘central concepts’ being engaged are:

· the logic of the language (‘reading’ the notation)

· numeration and denomination

· same value: different appearance

· ‘operations’ as a physical action (the type of job) separate from what follows (the size of the job).

Fractions and Decimals: learning outcomes.

The work in this booklet contributes to the overall aim of MMMS of enhancing the capacity of pupils to learn. It has very specific learning outcomes related to this aim:

· Use the four operations for fractions and decimals 

· Recognise, for instance, 
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as ‘three of those things called fifths’

· Recognise the decimal point as an instruction to ‘start thinking about tenths …’

· Visualise the relationship between fractions and decimals

These learning outcomes are related to the National Curriculum as specified below.

KS3: Fractions and decimals
During key stage 3 pupils … extend their calculating skills to fractions, percentages and decimals, and begin to understand the importance of proportional reasoning.

2.
Pupils should be taught to:

Fractions

c)
use fraction notation; understand equivalent fractions, simplifying a fraction by cancelling all common factors; order fractions by rewriting them with a common denominator

Decimals

d)
use decimal notation and recognise that each terminating decimal is a fraction [for example, 0.137 = 137/1000]; order decimals

Calculations

3.
Pupils should be taught to:

Number operations and the relationships between them

c)
calculate a given fraction of a given quantity, expressing the answer as a fraction; express a given number as a fraction of another; add and subtract fractions by writing them with a common denominator; perform short division to convert a simple fraction to a decimal

d)
understand and use unit fractions as multiplicative inverses [for example, by thinking of multiplication by 1/5 as division by 5, or multiplication by 6/7 as multiplication by 6 followed by division by 7 (or vice versa)]; multiply and divide a given fraction by an integer, by a unit fraction and by a general fraction

e)
convert simple fractions of a whole to percentages of the whole and vice versa, then understand the multiplicative nature of percentages as operators [for example, 20% discount on £150 gives a total calculated as £(0.8 X 150)]

f)
divide a quantity in a given ratio [for example, share £15 in the ratio 1:2]

Mental methods

g)
recall … the fraction-to-decimal conversion of familiar simple fractions [for example, 1/2, 1/4, 1/5, 1/10, 1/100, 1/3, 2/3, 1/8]

h)   … estimate answers to problems involving decimals

i)
develop a range of strategies for mental calculation; derive unknown facts from those they know [for example, estimate Ã85]; add and subtract mentally numbers with up to two decimal places [for example, 13.76 - 5.21, 20.08 + 12.4]; multiply and divide numbers with no more than one decimal digit [for example, 14.3 X 4, 56.7 Ö 7], using factorisation when possible

Written methods

j)
use standard column procedures for addition and subtraction of integers and decimals

k)
use standard column procedures for multiplication of integers and decimals, understanding where to position the decimal point by considering what happens if they multiply equivalent fractions [for example, 0.6 X 0.7 = 0.42 since 6/10 X 7/10 = 42/100 = 0.42]; solve a problem involving division by a decimal by transforming it to a problem involving division by an integer

l)
use efficient methods to calculate with fractions, including cancelling common factors before carrying out the calculation, recognising that, in many cases, only a fraction can express the exact answer.

Teaching ‘Fractions and Decimals’

For many pupils Fractions and Decimals remain separate ideas even when they can operate with each of them accurately. 

All pupils can make better  sense of Fractions and Decimals when they are introduced with instructional objects and language for a powerful visualisation that emphasises their connection. In the booklet Fractions and Decimals  the four operations are seen to be the same as introduced in the earlier booklet Multiplication and Division. This means that they continue to practise the methods introduced earlier now that they are working  with a new type of number.

The important instructional objects, phrases and visualisation have been discussed in Teachers’ Notes: talks for teachers: 1 and introduced in Booklets 1 – 4. 

The following ideas are especially important:

1)   ×     is thought of as ‘do the same thing lots of times’

2)  ÷     is thought of as ‘look at it and wonder how many’

3)   Equality is thought of as ‘same value: different appearance’.

4) The idea of numeration and denomination needs to focus the way you speak. For instance, when you want to say ‘three fifths’ you actually say ‘three [pause] fifths’ and from time to time emphasise what you mean by saying ‘three of those things called fifths’. 

Teaching notes

The following notes about teaching should be read in conjunction with the Pupil’s booklet. In some cases you may need to look back at Talks for Teachers: 1 and earlier Key Topics.

Part 1: Working with vulgar fractions


Page 3: What …     you need to know to start.                TLA1  

When we see 12 ÷ 3 = 4 we say ’12 divided by three equals four’ but we think ’12 cups on the maths table; look at it and wonder how many piles of 3? 4’.


Page 4: What …     you need to do to start.           TLA2    

Display 3 cups on the table. Produce a half cup and act ‘gluing’ it to another half cup. This is a cup [replace one of the dispalyed cups]; well … same value: different appearance. Repeat with the second cup. Pick up the third cup and act cutting it into two parts, then act gluing them. This is a cup … well … same value: different appearance. You can see my three cups on the maths table. Look at it and wonder … how many half cups can you see? 6. So we say 3 ÷ ½ = 6.

In a similar way, demonstrate 1 ÷ ½ = 2; ½ ÷ ½ = 1.
Cards with ‘half’ on. Show two things:

(i) When you see this [1/2 card: instructional objects] you say ‘a half ‘ but you think of this [show a half cup].

(ii) When you see this [1/2 card] you say ‘one half’ and you know it was made by [point to 1] getting one cup [point to /] and cutting it [point to 2]into two bits, exactly the same size. Demonstrate by picking up two half cups placed together to appear as a complete cup, then use a hand movemebnt to, seemingly, cut the ‘cup’ into two bits.

Display three ½ cards and, pointing to each card in turn, say ‘You say a half but you think of this [display a half cup then  hide it behind the card]. You can see[pointing to cards]  a half; a half; a half. You can see [pick up half cups and display them as one cup and a half] one and a half cups. Look at one and a half [point to cards]. How many half cups can you see [count cards]. Three. 
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‘Work this exercise  with the whole class to demonstrate how to do examples of this type. Your pupils will model the way you think about and do these examples as they complete the work.  

Page 5: So …       what do you do?                                     TLA3

Work through the notes for this section in the Pupil’s Booklet to demonstrate how to visualise fractions.


Page 5: So …       you can do these.                          TLA4

Demonstrate how to do these examples. Your pupils will model the way you think about and do these examples as they complete the work.  

Page 7: Now …      you can practise      Exercise 1

This exercise practises work that has been done in the TLA’s. 

Pupils should do this work in Exercise Books. 

There are two main purposes for this Exercise:

· to create a neat record of work done

· to provide a resource for revision

You need to make judgements about the class in general and about individuals. Can they do they do this Exercise to a good standard without assistance? If not, demonstrate it while they model what you do. Do they need this done bit by bit, or will they do it well enough by initial demonstration then working alone? Perhaps some can do it without assistance while others need demonstration and modelling as a group.

Your priority in this work is for it to be done accurately as a record and for revision. Your assessment of this Exercise should be only of the assistance needed. Code this as shown below.

	Some will do this without assistance.
	W
	

	Some will need a large amount of assistance. 
	A
	

	Some will need a relatively little assistance. 
	a
	

	Some will achieve an accurate record only by copying.
	C
	


Page 8: and …          you can practise        Exercise 2

This exercise practises work that has been done in the TLA’s and in the previous Exercise. 

Pupils should do this work in Exercise Books. 

There are three main purposes for this Exercise:

· to create a neat record of work done

· to provide a resource for revision

· to assess what individuals can do without assistance

Your priority in this work is for it to be done accurately as a record and for revision and to assess individual attainment. Your assessment of this Exercise should be of the assistance needed and the score. Record the score as a fraction.  It will be necessary for some pupils to do corrections so that they maintain a resource for revision.

Your assessment of this Exercise should be of the assistance needed. Code this as shown below.

	Some will do this without assistance.
	W
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N



	Some will need a large amount of assistance. 
	A
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	Some will need a relatively little assistance. 
	a
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	Some will achieve an accurate record only by copying.
	C
	C


Part 2: Working with decimal fractions


Page 9: What …    you need to know to start                     TLA5   

Use tenths cards (note that these are mostly written as decimals ).

When I show you this 
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 you say ‘a tenth’.  You can read it: I get 1 cup; I cut it – into ten bits (all the same size). When I show you each of these you say ‘one tenth’. Show 
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 in turn, each time saying ‘one tenth’. Emphasise that:

(i) When you see .1 the ‘point’ means ‘start thinking about tenths – and the next number tells you how many tenths (one).

(ii) When you see .1 notice that there ‘is nothing here’ [indicate the space in front of the point] ‘and there is nothing here’ [indicate the space after the one]. That is why it means one tenth.

(iii) When you see 0.1 notice that there ‘is nothing here’ [indicate the zero in front of the point] ‘and there is nothing here’ [indicate the space after the one]. That is why it means one tenth.

(iv) When you see .10 notice that there ‘is nothing here’ [indicate the space in front of the point] ‘and there is nothing here’ [indicate the zero after the one]. That is why it means one tenth.

(v) When you see 0.10 notice that there ‘is nothing here’ [indicate the zero in front of the point] ‘and there is nothing here’ [indicate the zero after the one]. That is why it means one tenth.

Count: one tenth; two tenths; …  (up to eight tenths) to emphasize that they are all tenths.

Count: point one; point two; … (up to point eight) to emphasize that they are all point ones.

Count: nought point one; nought point two; …(up to nought point eight) to emphasize that they are all nought point ones.

Show 3.61 is (express in different ways).

Talk through each of these:
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Page: What …         you need to do to start                  TLA6
Demonstrate how to visualise the ‘tenths’ cards and the ‘hundredths’ cards to see how each of the four operations can be thought of carried out.
Page 10: So …         you can do this.                            TLA7

Demonstrate how to do these examples. Your pupils will model the way you do and think about these examples as they complete the work.

Page 11: Now …    you can practise      Exercise 3

This exercise practises work that has been done in the TLA’s. 

Pupils should do this work in Exercise Books. 

There are two main purposes for this Exercise:

· to create a neat record of work done

· to provide a resource for revision

You need to make judgements about the class in general and about individuals. Can they do they do this Exercise to a good standard without assistance? If not, demonstrate it while they model what you do. Do they need this done bit by bit, or will they do it well enough by initial demonstration then working alone? Perhaps some can do it without assistance while others need demonstration and modelling as a group.

Your priority in this work is for it to be done accurately as a record and for revision. Your assessment of this Exercise should be only of the assistance needed. Code this as shown below.

	Some will do this without assistance.
	W
	

	Some will need a large amount of assistance. 
	A
	

	Some will need a relatively little assistance. 
	a
	

	Some will achieve an accurate record only by copying.
	C
	


Page 12: and …          you can practise   Exercise 4

This exercise practises work that has been done in the TLA’s and in the previous Exercise. 

Pupils should do this work in Exercise Books. 

There are three main purposes for this Exercise:

· to create a neat record of work done

· to provide a resource for revision

· to assess what individuals can do without assistance

Your priority in this work is for it to be done accurately as a record and for revision and to assess individual attainment. Your assessment of this Exercise should be of the assistance needed and the score. Record the score as a fraction.  It will be necessary for some pupils to do corrections so that they maintain a resource for revision.

Your assessment of this Exercise should be of the assistance needed. Code this as shown below.

	Some will do this without assistance.
	W
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N



	Some will need a large amount of assistance. 
	A
	
[image: image11.wmf]n

N



	Some will need a relatively little assistance. 
	a
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	Some will achieve an accurate record only by copying.
	C
	C


Part 3: Long multiplication with decimals


Page 13: What …     you need to know to start.              TLA8
Establish 1/10 of 1/10. The ‘picture in the mind’ for this needs to be a tenth of a cup cut into ten bits (all the same size). This image is difficult to demonstrate solely with rather small cups but it can be assisted by using a large card circle. Assert that this is to be thought of as the bottom of a cup. A similar card can be ruled in ten sectors to represent the tenths that have already been imaged in relation to the cups. On the reverse of this card circle rule one hundred sectors. The ‘tenths’ side can be shown and one sector confirmed as ‘one tenth’. The reverse side can be show to confirm each sector as ‘one hundredth’. It is now possible to cut the circle to show ‘one tenth’ and reverse the sector to show ‘ten hundredths; same value: different appearance’. A hundredth can also be cut out o show it is ‘one tenth of one tenth’. One tenth tenth’ has the same value as ‘one hundredth’.

You can also relate these ideas to the multiplication tables (following the ideas in Pupil’s Booklet 1).  ‘One tenth times one tenth equals one tenth tenth’. 1/10 times 1/10 is 1/100 . 

Demonstrate  6.2 × 2.3 using the grid. Say:

· two tenths times two equals four tenths, and write .4;

· six times three tenths equals eighteen tenths; and write 1.8;

· two tenths times three tenths equals six tenths tenths, that is six hundredths; and write .06

Page 14: What …    you need to do to start.             TLA9    

Demonstrate how to sketch the maths table and to use it for long multiplication with decimals. it is important to read the decimal numbers as ‘tenths’ so that .3 × 4 is spoken as ‘three tenths times four equals twelve tenths ‘ and the quantity ‘twelve tenths’ is written as 1.2 so that the magnitude is thought about consciously during the calculation.

Calculations like .3 × .4 are spoken as ‘three tenths times four tenths equals twelve tenths tenths’ and written as 12/10 0 to be converted to .12  


Page 15: So …         you can do these.                  TLA10

Demonstrate how to do these examples. Your pupils will model the way you do and think about these examples as they complete the work.
Page 16: Now …      you can practise    Exercise 5

This exercise practises work that has been done in the TLA’s. 

Pupils should do this work in Exercise Books. 

There are two main purposes for this Exercise:

· to create a neat record of work done

· to provide a resource for revision

You need to make judgements about the class in general and about individuals. Can they do they do this Exercise to a good standard without assistance? If not, demonstrate it while they model what you do. Do they need this done bit by bit, or will they do it well enough by initial demonstration then working alone? Perhaps some can do it without assistance while others need demonstration and modelling as a group.

Your priority in this work is for it to be done accurately as a record and for revision. Your assessment of this Exercise should be only of the assistance needed. Code this as shown below.

	Some will do this without assistance.
	W
	

	Some will need a large amount of assistance. 
	A
	

	Some will need a relatively little assistance. 
	a
	

	Some will achieve an accurate record only by copying.
	C
	


Page 17: and …         you can practise       Exercise 6

This exercise practises work that has been done in the TLA’s and in the previous Exercise. 

Pupils should do this work in Exercise Books. 

There are three main purposes for this Exercise:

· to create a neat record of work done

· to provide a resource for revision

· to assess what individuals can do without assistance

Your priority in this work is for it to be done accurately as a record and for revision and to assess individual attainment. Your assessment of this Exercise should be of the assistance needed and the score. Record the score as a fraction.  It will be necessary for some pupils to do corrections so that they maintain a resource for revision.

Your assessment of this Exercise should be of the assistance needed. Code this as shown below.

	Some will do this without assistance.
	W
	
[image: image13.wmf]n

N



	Some will need a large amount of assistance. 
	A
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	Some will need a relatively little assistance. 
	a
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	Some will achieve an accurate record only by copying.
	C
	C


Part 4: Long division using decimals


Page 18: What … you need to know to start           TLA11
Demonstrate the calculation 6.2 × .3, emphasising the ‘mind pictures’ of cups on the maths table. Use the language of ‘piles of cups’ and ‘how many piles?’ precisely as used in the introduction to division. This enables the logic of the language to make acceptable .2 of a pile (this is just a bit of a pile) and .3 piles (there is not even one whole pile of that size). This is an essential aspect of maths: to let the logic of the language suggest things that are not a part of normal speech. This particular ‘logic’ is clarified in the later booklet Fractions and percentage, but for the moment it is acceptable and important to be ‘persuaded’ by the logic of the language. 


Page 19: What … you need to do to start.                  TLA12    

Use the scheme for 18.6 ÷ 3 shown in this section in the Pupil’s Booklet. It is a sketch of a maths table but it anticipates the use of the conventional ‘division box’. The ‘maths table’ sketch is used as an introduction so that pupils are enabled to visualise the cups. It is a lack of visualisation that so often prevents people from making sense of division.

Page 20: So …         you can do these.                  TLA13

Demonstrate how to do these examples. Your pupils will model the way you do and think about these examples as they complete the work.
Page 21: Now …      you can practise    Exercise 7

This exercise practises work that has been done in the TLA’s. 

Pupils should do this work in Exercise Books. 

There are two main purposes for this Exercise:

· to create a neat record of work done

· to provide a resource for revision

You need to make judgements about the class in general and about individuals. Can they do they do this Exercise to a good standard without assistance? If not, demonstrate it while they model what you do. Do they need this done bit by bit, or will they do it well enough by initial demonstration then working alone? Perhaps some can do it without assistance while others need demonstration and modelling as a group.

Your priority in this work is for it to be done accurately as a record and for revision. Your assessment of this Exercise should be only of the assistance needed. Code this as shown below.

	Some will do this without assistance.
	W
	

	Some will need a large amount of assistance. 
	A
	

	Some will need a relatively little assistance. 
	a
	

	Some will achieve an accurate record only by copying.
	C
	


Page 22: and …       you can practise         Exercise 8

This exercise practises work that has been done in the TLA’s and in the previous Exercise. 

Pupils should do this work in Exercise Books. 

There are three main purposes for this Exercise:

· to create a neat record of work done

· to provide a resource for revision

· to assess what individuals can do without assistance

Your priority in this work is for it to be done accurately as a record and for revision and to assess individual attainment. Your assessment of this Exercise should be of the assistance needed and the score. Record the score as a fraction.  It will be necessary for some pupils to do corrections so that they maintain a resource for revision.

Your assessment of this Exercise should be of the assistance needed. Code this as shown below.

	Some will do this without assistance.
	W
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	Some will need a large amount of assistance. 
	A
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	Some will need a relatively little assistance. 
	a
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	Some will achieve an accurate record only by copying.
	C
	C


Page 23:                     Miscellaneous Examples A          

Miscellaneous Examples A should be used as a test. It practises the range of work that has so far been practised as separate items. Putting a range of examples together places extra demands on pupils. Your judgement about your class may persuade you to do some revision, using working paper, before setting Miscellaneous Examples A.

Pupils should do this work in Exercise Books. 

There are four main purposes for Miscellaneous Examples A:

· to create a neat record of work done;

· to provide a resource for revision;

· to assess attainment;

· to provide an evidence base for diagnosis, discussion, target setting, individual learning plans, development plan, records of achievement and report writing.

Your priority in this work is for it to be done accurately as a record and for revision and to assess individual attainment. Your assessment should be of the assistance needed and the attainment score. Record the score as a fraction.  It will be necessary for some pupils to do corrections so that they maintain a resource for revision. Some pupils, still unable to do this work alone, will copy your answers as a record and receive as much further individual or group teaching as possible during this time. Clearly, your records will show that they scored zero.

Your record of pupils’ work in Miscellaneous Examples A should be of the assistance needed and the attainment. Code this as shown below. below (see Mark Sheet in Talks for Teachers: 1).

	Some will do this without assistance.
	W
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	Some will need a large amount of assistance. 
	A
	
[image: image20.wmf]n

N



	Some will need a relatively little assistance. 
	a
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	Some will achieve an accurate record only by copying.
	C
	0


Page 24:                     Miscellaneous Examples B    

Miscellaneous Examples B should be used as a test. It should be used some weeks after the completion of this booklet so that it provides a robust assessment of attainment and of each pupil’s response to the target setting following Miscellaneous Examples A. 

Pupils should do this work in Exercise Books. 

There are four main purposes for Miscellaneous Examples A:

· to create a neat record of work done;

· to provide a resource for revision;

· to assess attainment;

· to provide an evidence base for diagnosis, discussion, target setting, individual learning plans, development plan, records of achievement and report writing.

Your priority in this work is for it to be done accurately as a record and for revision and to assess individual attainment. Your assessment should be of the assistance needed and the attainment score. Record the score as a fraction.  It will be necessary for some pupils to do corrections so that they maintain a resource for revision. Some pupils, still unable to do this work alone, will copy your answers as a record and receive as much further individual or group teaching as possible during this time. Clearly, your records will show that they scored zero.

Your record of pupils’ work in Miscellaneous Examples B should be of the assistance needed and the attainment. Code this as shown below. below (see Mark Sheet in Talks for Teachers: 1).

	Some will do this without assistance.
	W
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	Some will need a large amount of assistance. 
	A
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	Some will need a relatively little assistance. 
	a
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	Some will achieve an accurate record only by copying.
	C
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